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Abstract
A four-fermion model in 2+1 dimensions describing N Dirac fermions in-
teracting via SU(N) invariant N2 − 1 four-fermion interactions is solved in
the leading order of the 1/N expansion. The 1/N expansion corresponds
to ’t Hoofts topological 1/N expansion in which planar Feynman diagrams
prevail. A truncated set of Schwinger-Dyson equations for the fermion prop-
agator and composite boson propagator representing the planar diagrams is
solved analytically. The critical four-fermion coupling and various critical
exponents are determined as functions of N . The universality class of this
model turns out to be quite distinct from the Gross-Neveu model in the large
N limit.
I. INTRODUCTION
Already in the early seventies K.G. Wilson [1] argued that four-fermion theories in di-
mensions 2 < d < 4 are nontrivially renormalizable at least in leading order of the 1=N
expansion, with N the number of fermion flavors. The model studied by Wilson is nowadays
referred to as the d dimensional generalization of Gross-Neveu model [2]. In the Gross-Neveu
model with N fermion flavors there is one composite or auxiliary eld  / −∑N=1   
describing the scalar bound states; the number of fermions is taken to be much larger than
the number of light bound states. In the 1=N expansion for such models, Feynman diagrams
with fermion loops dominate over other types of diagrams.
The Gross-Neveu model in 2+1 dimensions is well-known to exhibit dynamically symme-
try breaking whenever the four-fermion coupling exceeds some critical value. About a decade
ago renewed interest in the Gross-Neveu model led to a number of papers establishing the
renormalizability of the Gross-Neveu model and related models in the 1=N expansion due
to the presence of a nite ultraviolet stable xed point [3{6]. Probably the most extensive
study of the Gross-Neveu model, was performed by Hands, Kocic, and Kogut [7]. In their
paper analytical results in next-to-leading order in 1=N were veried in numerical lattice
simulations.
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In this paper a SU(N) U(1) invariant four-fermion model, closely related to the Gross-
Neveu model, is studied. In this model the four-fermionic potential contains N2 − 1 terms,
i.e., the four-fermion interactions are in the adjoint representation of the SU(N) symmetry.
Thus the model presented here describes the interaction of N Dirac fermions with N2 − 1
scalar composite states. Consequently the large N treatment will be quite dierent from
the Gross-Neveu model. Instead of the large N expansion a la Wilson, ’t Hoofts topological
1=N expansion [8] will be adopted. The 1=N expansion of ’t Hooft is particularly useful for
theories with a global U(N) symmetry containing elds with two U(N) or SU(N) indices,
e.g., see Refs. [9{12]. In such an expansion planar diagrams dominate over diagrams with
topologies other than planar.
The leading large N critical behavior of the proposed model is studied, with the main
focus on the determination of the scaling behavior of the fermion wave function and of
the N2 − 1 scalar or  boson propagators. Once the anomalous dimensions of the fermion
propagator and the  boson propagators are determined, the gap equation for the order
parameter will be studied. The dynamical breaking of the SU(N) symmetry to U(1) gives
rise to the Goldstone realization with N2 − 2 Nambu-Goldstone bosons and one massive
scalar in the broken phase.
Besides pure academic interest, the motivation for studying this particular four-fermionic
model is it possible relationship with low temperature behavior of the Hubbard-Heisenberg
and t− J models near the antiferromagnetic wave vector [13].
The setup of the paper is the following. The model Lagrangian is introduced in the
next section. We present a truncation scheme for the Schwinger-Dyson (SD) equations
which generates all planar and thus leading 1=N diagrams in Sec. III. This closed set of SD
equations is subsequently solved analytically in Sec. IV. In Sec. V the dynamical symmetry
breaking is analyzed and the critical exponents, hyperscaling, and universality are discussed.
The conclusions are presented in Sec. VI.
II. THE MODEL
We will consider the following 2+1 dimensional four-fermion model given by the La-
grangian








where the index  = 1; : : : ; N labels the N fermion flavors. The fermions are described by
four-component Dirac spinors. The Lagrangian Eq. (1) is globally invariant under SU(N)
U(1), see also Ref. [9].1 The generators, A, of the SU(N) symmetry satisfy









1In Refs. [10,11] a U(N) U(N) invariant version of Eq. (1) is described.
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After a Hubbard-Stratonovich transformation, the Lagrangian (1) reads











with the auxiliary bosonic elds A = −G  A conveniently describing the composite
fermion{antifermionic degrees of freedom. Along the lines of Ref. [11], N2 − 1  boson
propagators A (p) and Yukawa vertices Γ
A
 (p + q; p) (\fully amputated") are introduced.
The bare Yukawa vertices are γA = 
A1. Since in the symmetric phase the A propagators
are identical, the index A is often discarded.
The dynamical symmetry breaking SU(N)!U(1) is described by the order parameter
h3i ’ −Gh   3 i, which is a particular choice for the symmetry breaking term.2 In order
to \force" the symmetry breaking in the  3 direction a bare mass term −h   3 is added to
the Lagrangian in Eq. (3). In the end the limit h! 0 can be taken.
In the fermion propagator the symmetry breaking is given by the mass function M which





A2(p)p2 −M2 : (4)
The function A(p) is referred to as the fermion wave function. The fermion dynamical
mass mdyn is dened as the mass pole in the fermion propagator; it is related to M via
A2(mdyn)m
2
dyn −M2. Both the fermion dynamical mass mdyn or the mass pole m in the 
boson propagator can be considered as the appropriate inverse correlation length character-
izing the infrared mass scale of this model.
III. LARGE N AND THE PLANAR APPROXIMATION
The present model describes N species of fermions interacting via N2− 1 four-fermionic
interactions in the so-called adjoint representation of the SU(N) flavor symmetry. Therefore,
when N is large we can use ’t Hoofts topological 1=N expansion [8], see also Ref. [11].
This 1=N expansion states that the planar Feynman diagrams, with the fermions at the
boundary, describe the leading contributions to the Green functions. Feynman diagrams
can be classied in terms of surfaces with a specic topology. Diagrams with other than
planar topological structures are multiplied by factors of at least 1=N , and in the limit of
large N , their contribution can be neglected with respect to planar graphs. For instance
diagrams with one so-called handle on their representing surface are suppressed by a factor
1=N2 relatively to their planar counter parts, whereas diagrams with a hole are suppressed
by a factor 1=N . The topology of a particular diagram can be conveniently obtained using
the double line representation of ’t Hooft [8,12].
In this paper we are mainly interested in the SD equations for the  boson propagator
 and the fermion wave function A. The leading large N behavior for  is given by
2In principle we have the freedom to choose from N2 − 1 order parameters ψ¯τAψ.
3
those diagrams which do not contain Yukawa vertex (Γ) corrections. In other words,
only self energy corrections (A) and  boson vacuum polarization corrections () should
be considered. One can straightforwardly verify that the bare vertex approximation (see
Fig. 1), ΓA (p + q; p)  A1, generates all planar and thus leading large N graphs for 
and A. Examples are given in Fig. 3 and Fig. 4. From these gures it is clear that diagrams
containing vertex corrections are suppressed by at least a factor (1=N)2 with respect to the
diagrams containing only self energy insertions. In terms of topology it means that these
diagrams i.e., (d), (e), (f), (g) of Fig. 3 and (b) of Fig. 4, have one or more handles.
For the fermion mass M only the tad-pole graph contributes in the leading large N
limit, see Fig. 2. At a rst glance this might seem inconsistent, since parts of the fermion
propagator are now described by dierent truncations. However, the self-consistency of the
truncated set of SDEs given in Fig. 2 can also be veried using the SU(N) Ward identities,
e.g., see Ref. [11]. These Ward identities relate the N2 − 1 Yukawa vertices ΓA (p; p) at zero
 boson momentum transfer to the fermion dynamical mass M(p) in the following way:
ΓA (p; p) = 
AM(p)
h3i ; A = 1; : : :N
2; A 6= 3; (5)
Γ3(p; p) = 
3@M(p)
@h3i ; (6)
when the symmetry breaking is in the  3 direction. Thus if we apply the planar approxima-
tion ΓA = 
A (Fig. 1), we get the equation M = h3i. This equation is indeed represented
by the third SD equation in Fig. 2.
Summarizing; the leading large N behavior can be described consistently in terms of the
truncated set of SDEs given in Fig. 2.
IV. SCALING BEHAVIOR AT CRITICALITY
Having introduced the leading large N or the planar approximation for this model, we
proceed by studying the truncated set given in Fig. 2. These equations are in Euclidean
formulation









4(k2 + k  p)
(k + p)2k2A(k + p)A(k)
; (8)
and








(k − p): (10)
For the dimensionless coupling constant g  2G=2 there exists an ultraviolet stable xed
point gc above which the SU(N) is dynamically broken. Exactly at the critical coupling
g = gc the infrared mass scale vanishes and the above propagators will be given in terms of
4
pure power-laws. Therefore, we rst consider the two coupled SD equations at the critical
point (g = gc), where we can safely assume a power-law form for the fermion wave function
A(p) = (p2=2)−=2; (11)
where  is the ultraviolet cuto, and where the exponent  is to be determined from the SD
equations.









(k2 + k  p)
k−(k2 + p2 + 2k  p)1−=2 : (12)










(k2 + k2 + kp− p2)(k + p)





k2 and p =
p









[J1(x) + J2(x) + J3(x)] ; (14)
with x = p= and where


































f1(t)  (1 + t) − (1− t) ; f2(t)  (1 + t) + (1− t): (18)
The integrals can be performed conveniently using Mathematica and the J function can be
expressed in terms of Γ functions and hypergeometric 2F1 functions (with x = p=). After






sin()Γ(−)Γ(3=2 + ) +






2(1 + )(1 + 2)
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Γ(−2)Γ()
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sin()Γ(−)Γ(3=2 + ) +





























sin()Γ(1− )Γ(1=2 + )
− 1
2




[2F1 (−2;−; 1− 2 ;−x)− 2F1 (−2;−; 1− 2 ; x)]
}
: (21)
The condition for the existence of these integrals is that 0 <  < 1=2. Assuming that
0 <  < 1=2, we can determine the asymptotic behavior or infrared limit of the above J
functions, by taking the x! 0 limit (p ). We write







2(2 + )(1 + 2)
; A2 =
1
(2 + )(1 + 2)
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− 1
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Is can be shown that B3( ! 0)  2=8, and that B1 and B2 approach zero when  ! 0.
Since only the leading scaling terms are relevant for our purposes, the functions Ci are not












where B = B1 + B2 + B3, and B(0) = 
2=8. The case  = 0 (i.e. A = 1) in the above
equation simply corresponds to the one-loop or leading 1=N correction, (p) ’ (2=2)(1−
B(0)p=), see Ref. [6]. The critical coupling gc is given by
1
gc




With the expression (27), the boson propagator (Eq. (7)) takes the following form at the
critical coupling g = gc:








consequently, the anomalous dimension  = 1− 2 .
With the asymptotic form for the boson propagator, Eq. (29) and the Ansatz (11) for
the wave function A, we can compute the Euclidean self-energy contribution Eq. (10). Thus









p2k−(k2 + p2 − 2k  p)1=2+ : (30)
Again the angular integral can be performed straightforwardly;



















The integral is decomposed as follows:














































































t2 − (1− 2)t+ 1
]
(1 + t)1−2 −
[
t2 + (1− 2)t+ 1
]
(1− t)1−2 : (36)
Performing the integral, we obtain for F1
F1 =
2(1 + )
2 sin() sin(2)(3− )Γ(2− )2Γ(2 − 3) +





2F1 (1 + ; 2 − 1; 2 +  ;−1) + 2F1 (2 + ; 2 − 1; 3 +  ;−1)
2 + 
: (37)




















Thus taking x! 0, we obtain
F2 =
3  41−




22−2( − 3)( − 2)
tan(=2) cos()Γ( − 1=2)
−
p




2F1 ( − 3; 2 − 1;  − 2;−1)
 − 3 : (40)
The sum of F1 and F2 can therefore be written as





























()  F ()
8B()(3− 2)(1− 2) : (45)
Clearly, taking  ! 0 and using B(0) = 2=8 and Eq. (43), we nd that ( ! 0)  2=(32)
which is consistent with the one-loop or leading 1=N correction to A in the Gross-Neveu
model [7].











This gives the eigenvalue equation
() = 1=N: (47)
The numerical solution of the above equation is depicted in Fig. 5. Clearly Fig. 5 shows
that if N ! 1 then  ! 1=2. This behavior is a result of the fact that the function B()
as dened in Sec. IV has a singularity at  = 1=2; B( " 1=2) !1.
Finally we mention that the leading scaling behavior is independent of the choice of
momenta flowing in the self energy diagram A given by Eq. (10); an alternative choice,
e.g., k + p for the fermion propagator and k for  leads to the same scaling form (44) and
eigenvalue equation (47).
V. THE GAP EQUATION AND THE CRITICAL EXPONENTS
In the previous section the scaling laws for A(p) and (p) at the critical coupling g = gc
were obtained. This yielded the anomalous dimension  = 1− 2 with  given by Eq. (47).
In order to obtain the other critical exponents the set of SD equations should be studied
either in the subcritical (g " gc) or supercritical (g # gc) regime. In these regimes the
analysis of the SD equations depicted in Fig. 2 is more complicated, due to the fact that a
nonzero infrared mass scale (the inverse correlation length) enters the problem. For instance
in the subcritical regime the inverse correlation length or m is given by the complex pole
p2  m2 exp(−i) in (p) [15]. The critical exponent  can then be derived from the scaling
law m  (gc − g) . If we consider Eqs. (7) and (27) in the subcritical regime, it follows
that  = 1=(1 + 2). Consequently the anomalous dimension γ = 1 as can be determined
from the limit (p! 0)  1=jgc − gj   with  the usual susceptibility [7,11].
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In the subcritical regime the  boson propagator will be of the renormalizable form:











where m is the generic notation for inverse correlation length (m / mdyn  1=). If this
expression (48) is inserted in Eq. (10) a careful analysis will show that the fermion wave







where c− is a nonuniversal constant. This constant c− should be determined from the
nonlinear SD equations (7){(10), but for the scaling arguments its precise value is irrelevant.
In the supercritical regime the wave function will be of the same form as Eq. (49), but with
a dierent constant of proportionality, e.g., c+ instead of c−.
In rest of this section the supercritical regime is considered and we study the dynamical
symmetry breaking SU(N)!U(1). As was explained in Sec. III, in the leading large N
approximation only the tad-pole graph is included in the gap equation for M . This gap
equation with bare mass h reads (in Euclidean formulation)








For the wave function A the solution which is valid in the broken phase should be substituted.
However, since the scaling laws for the order parameter and dynamical mass are mainly
determined by the ultraviolet behavior m  p   of the theory, we can safely use
Eq. (11). Clearly the mass M in Eq. (50) is independent of momentum and the above



















The argument of the hypergeometric function approaches −1 as the critical curve is ap-



















where b = 3=(2− 2) and gc = 1 + 2 .
Note that within our approximation M = h3i. Therefore, treating M as the order
parameter, the gap equation (52) is the quantum mechanical equivalent of the equation of
state known in statistical mechanics and in analogy various critical exponents can be derived
from it (see Refs. [14,7]). For instance, the critical exponent  follows from the scaling law
h M  at g = gc;
h /M2b−2+1 =)  = 2b− 1 = 2 + 
1−  (53)
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and the critical exponent  follows from M  (g − gc) at h = 0;





In a similar manner the critical exponent γ can be computed from  = @M=@hjh=0 





M2−2b  (g − gc)−1 =) γ = 1: (55)
The other critical exponents can be derived from the eective potential and the scaling form
for the composite boson propagator Eq. (29). Summarizing, the critical coupling gc and the
critical exponents are expressed in terms of the exponent  of the fermion wave function A
which is determined by Eq. (47);
gc = 1 + 2;  = (1− )=(1 + 2);  = (2 + )=(1− );
 = 1=(1 + 2); γ = 1;  = 1− 2; (56)
satisfying the three dimensional hyperscaling equations. The critical exponent  follows
from the scaling law for the dynamical mass mdyn (inverse correlation length) describing the
physical fermion mass in the broken phase close to criticality; mdyn M1=(1−) (see Sec. II).
In the limit N !1 or  " 1=2, the critical exponents are
 = 1=4;  = 5;  = 1=2; γ = 1;  = 0: (57)
The dierence between the N !1 exponents of the Gross-Neveu model is obvious;
 = 1;  = 2;  = 1; γ = 1;  = 1: (58)
VI. CONCLUSION
In this paper we have studied various aspects of dynamical symmetry breaking SU(N)!
U(1) in a SU(N) four-fermion model in the large N limit. The main result of this paper is
the determination of the exponent  of the fermion wave function A(p) as a function of N in
the planar approximation at the critical point g = gc. The functional relationship between 
and N given in Eq. (47) and Fig. 5. Subsequently the critical coupling gc and various critical
exponents are given in terms of the exponent  . In the large N limit, the critical exponents
for this SU(N) invariant four-fermion model dier considerably from the critical exponents
of the Gross-Neveu model. This is due to the fact that the exponent  ! 1=2 for N ! 1
which means that the fermion propagator at the critical point scales as S(p)  p^=p3=2. Thus
the presence of N2 − 1 light composite bosons drastically changes the scaling behavior of
the fermion propagator in the vicinity of the critical point, giving rise to a new universality
class, see Eq. (56).
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FIG. 2. The planar approximation; dotted lines are σ boson propagators, black lines fermion
propagators. The blobs correspond to the fully dressed propagators. The dark blob in the fermion
propagator corresponds to a wave function part being proportional to pˆ, whereas the white blob





FIG. 3. This example lists seven corrections to Π with two σ boson exchanges. The figures (d),
(e), (f), and (g) contain vertex corrections. The factors of 1/N are, respectively, (a) (N − 1/N)2,
(b) (N − 1/N)2, (c) (N − 1/N)2, (d) (1/N)2, (e) (1/N)2, (f) 1 + (1/N)2, and (g) −1 + (1/N)2.
(a) (b)
FIG. 4. The factors of 1/N for these fermion self energy corrections are, respectively, (a)
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FIG. 5. Numerical solution of Eq. (47); the exponent ζ is plotted versus N .
14
